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Static Analysis of Laminated Hybrid
Composite Plates using FSDT

D. Dhanunjaya Raju and V. V. Subba Rao

Abstract-- Advanced Composite materials are replacing traditional metals in many engineering applications
due to their attractive properties which are suitable for structural applications. Hybrid composites have greater
flexibility to tailor the composites according the design requirements. In this paper an attempt is made to study the
structural response of hybrid composite plates subjected to transverse load with variable ply angles and aspect
ratios. A sub-laminate concept which satisfies the continuity conditions is used. Graphite/Epoxy and Kevlar/Epoxy
sub-laminates are used to make the laminated composite plates. A systematic procedure is being developed to study
the static behavior of hybrid composites using First Order Shear Deformation Theory (FSDT). The procedure is
implemented through MATLAB programming. To validate the developed code, a simply supported laminated plate
of specially orthotropic subjected to sinusoidal loading is considered. The numerical results, through developed code
have been validated with the published results. The results are found good agreement with the published results.
Then the developed code is further extended to the hybrid composite plates with different sub-lamination scheme.
Numerical results are produced for different hybrid composite plates subjected to simply supported transverse
sinusoidal loading. A parametric study has been carried out to find the best possible hybrid composite for the above
loading.
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I. INTRODUCTION

Composite materials are replacing traditional metals in many engineering applications due to its light weight
and high strength, due to these properties composite materials are used in structural engineering
applications. Thus, an accurate stress analysis of the laminated composite plates is important in the design. To
predict the stress distribution of composite plates, a number of plate theories have been proposed. In the
classical laminate plate theory (CLPT), the transverse shear stresses are neglected[5]. However, in thick and
moderately thick laminated plates the theory gives inaccurate results as there occur considerable shear
deformations. So, it is obvious that transverse shear deformations have to be taken into account in the analysis.
One of the well known plate theories are Reissner and Mindlin model E. Reissner [1], R. D. Mindlin [2]. In FSDT a
shear correction factor is used to compensate for the assumed uniform transverse shear strain variations over
the entire plate thickness. nondimensionalized deflections and stresses in laminated plate subjected to
sinusoidal load using FSDT are given in [5]. In the present days a lot of research is going on for the design of
hybrid laminated composites because it overcomes the drawbacks of traditional laminated composites, they are
more stiffer, have high strength and ductility, improved fracture toughness, longer fatigue life and excellent
impact resistance compared to traditional composite materials. This inspired us to do analysis on the laminated
hybrid composite plates under mechanical loads.

II. FIRST ORDER SHEAR DEFORMATION THEORY - FSDT

First Order Shear Deformation Laminated Plate Theory (FSDT) is an extension of the Classical Lamination
Plate theory. CLPT is based on kirchhoff assumptions in which transverse normal and shear stresses are
neglected. These transverse shear stresses are derived by using 3D elasticity equilibrium equations these are not
accurate but the equilibrium derived transverse stress are sufficiently accurate for homogeneous and thin plates.
These are not accurate if the plates are relatively thick i.e (a/h<20) In FSDT transverse shear stresses are
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calculated and transverse normal stress is neglected. By using FSDT inter laminar shear stresses can be
calculated through constructive equations. These constructive equations are simpler than equilibrium equations.
CLPT is suitable for only thin plates but FSDT is suitable for relatively thick plates (a/h<20).

a. Simply supported symmetric Cross-Ply Laminated Plate
The mechanical loads are expanded in double Fourier sine series [5]
a(xy)= ZZ Qmn sinaxsin gy
m=1ln=1 (1)

It is a one -term solution (Qm” o andM="= l) for a sinusoidally distributed load, the solution is a closed

form solution. For other types of loads, the Navier solution is a series solution, which can be evaluated for a
sufficient number of terms in the series.

b
_ij

mn ab
0

Where a8 and b

q X,y smaxsmﬂydxdy (2)

O ey

For specially orthotropic symmetric laminated plates from [5]
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Where
Sy = (Auaz + Aeeﬂz) ’ Spp = (A12 + Agg )Ufﬂ
2= (Aﬁeaz + Azzﬂz) , SA34 =K.Aza
Sy = (Duaz +Dgg B + KASS), S3s = K.ALp
§33 = K(Assaz + A44ﬁ2) SA45 = (D12 + Dgg )a,b’
S5 = (Deeaz +Dpf + KA44) 4)

Where A=Extensional stiffness matrix, D=Bending Stiffness Matrix. [5]
Solution for the above (3) is given by [5]

)=iiwm sinaxsingy

m=1ln=1 (5)
xy:ZZ Xmn COSaXxsingy (6)
m=1n=1
¢y(x,y)_zz Y,,, cosaxsingy (7
m=1n=1

Where
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Wngan ; mn:lemn 5 Ymn:bZan (8)
bmn b;men bobmn
L S G ¢
Where bmn = 833 + 834 b + 835 b 5 bO = S44855 - S45845
0 0
By = 45535 — S34555 ;o By =S53545-5455 9)

The in-plane normal stresses (10)-(11), shear stress (12) and Transverse shear stresses (13)-(14) are

expressed in the form as

(k):_zii (611(1 X + Q12 Ao )sinax siny (10)
n=1lm=1
k) :_zii (6120; X + Qa3 A )sinax cosfBy (1)
n=lm=1
(k):—zni:;mi;l (—@eﬂ X i + Qg @Yo, )COSaX cospy (12)
059 =3 (oY +Qus Py i x cO8y (13)
n=lm=1
o, :ii (655 X un +Qug Wi, )cosax cospBy (14)

n=1lm=1

b. Nondimensionalized Formulas

Nondimensionalized maximum transverse deflection (15), normal stresses (16)-(17), shear stress (18) and
Transverse shear stresses (19)-(20) are defined in the following equations is given as [5]

w_wo(g,g,gj(a 2:} x10° (15)
SYATIES
(22
5y - axy(ab_ﬂj[ah;J as)
5. o[ b—[ J (19)

70 =2 ][bqoj 20)

I11. RESULTS

The MATLAB code has generated to validate the nondimensionalized transverse maximum central
deflections, Normal stresses, Shear stress, Transverse Shear stresses of a simply supported square, cross-ply

[0/90/90/0] composite plate subjected to sinusoidally distributed load [5].
The material properties are E1/E2=25, G12=G13=0.5E2, G23=0.2E2 and v12=0.25.K=5/6
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Table 1. Effect of transverse shear deformation on nondimensionalized maximum transverse deflections and
Normal stresses of Simply Supported symmetric cross-ply square plate

a/h Reference Present Reference Present Reference Present

[5] _ 5] _ [5] _

w w O-xx oxx ny O-W
10 0.6627 0.6627 0.4989 0.4989 0.3614 0.3614
15 0.5367 0.5367 0.5192 0.5192 0.3144 0.3144
20 0.4912 0.4912 0.5273 0.5273 0.2957 0.2957
50 0.4409 0.4409 0.5368 0.5368 0.2737 0.2737
100 0.4337 0.4337 0.5382 0.5382 0.2705 0.2705

Table 2. Nondimensionalized maximum transverse deflections, shear stresses and Transverse shear stresses of
simply Supported symmetric cross-ply square plate

a/h  Referenc Present Referenc Presen Reference Present
e[5] e[5] _t (5]
Oyxy Oyy Oy Oy Oy yz
10 0.0241 0.0241 0.4165 0.4165 0.1292 0.1292
15 0.0227 0.0227 0.4311 0.4311 0.1145 0.1145
20 0.0221 0.0221 0.4370 0.4370 0.1087 0.1087
50 0.0214 0.0214 0.4438 0.4438 0.1019 0.1019
100 0.0213 0.0213 0.4448 0.4448 0.1008 0.1008
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Fig.1 Nondimensionalized transverse deflections versus side to thickness ratio a/h

0.7

o6l

054

0

0
EEEEE

}
\
|

oo ——————

i i

]
10

L L
20 30

L
a0 50

L L
&0 70

Side-to-Thickness ratio, a/h

Fig.2 Nondimensionalized stresses versus side to thickness ratios a/h
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The numerical results, through developed code have been validated with the published results and are good
agreement with the published results

Then the MATLAB code is further extended for finding out the deflections and stresses for hybrid composites
of different lamination schemes.

The properties of Graphite/epoxy (G):[5] and Kevlar /epoxy (K):[7] are in (GPa)
(G): E1=137.9, E2=8.96, G13=7.20, G23=6.21, G12=7.20,1v12=0.30
(K): E1=87,E2=5.5, G13=2.2, G23=2.2, G12=2.2,v12 = 0.56

Table 3. Nondimensionalized maximum Transverse deflections, normal stresses, shear stresses and transverse
shear stresses for Hybrid square laminated plates with a/h=10 subjected to SSL, with different fibre orientations

Orientation Laminatio — _ _
W o o

of fibers n XX vy Oxy Ou Oy
Scheme
G/K/G/K 05673 0365 0.212 0.019 0.142 0.046
9 5 4 6 1
[0/90/90 K/G/G/K 0.6831 0.457 0405 0.023 0.144 0.049
/0] 8 3 9 3 7
G/G/G/G  0.7097 0459 0.260 0.049 0.307 0.102
0 0 8 9 3
G/K/K/G  0.7960 0.481 0.182 0.053 0455 0.144
2 9 7 7 7
K/K/K/K 0.8387 0490 0.306 0.027 0.290 0.091
8 2 1 3 7
K/G/K/G 09243 0.577 0.335 0.063 0466 0.150
7 7 6 8 9
G/K/G/K  0.5470 0.031 0.192 0.018 0.103 0.084
2 5 6 1 6
[0/90/0/ K/G/G/K 0.6629 0.039 0370 0.023 0.094 0.094
90] 2 7 2 4 4
G/G/G/G 0.6879 0.039 0.236 0.048 0.205 0.176
2 3 1 1 9
G/K/K/G 0.7626 0.041 0.159 0.050 0.308 0.266
3 3 8 8 4
K/K/K/K  0.7927 0.042 0.257 0.025 0.191 0.191
7 3 3 0 0
K/G/K/G 0.8910 0.050 0.295 0.061 0.276 0.291
1 1 0 9 0
G/K/G/K 05324 0.337 0.062 0.018 0.143 0.042
1 7 1 7 2
[0/45/45 K/G/G/K 0.6206 0.407 0.407 0.021 0.144 0.044
/0] 5 5 5 4 3
G/G/G/G  0.6669 0.425 0.082 0.046 0.307 0.094
8 9 6 5 8
G/K/K/G 0.7643 0.453 0.056 0.051 0465 0.134
8 1 2 0 3
K/K/K/K  0.7912 0.446 0.090 0.025 0300 0.081
2 8 2 9 1
K/G/K/G 0.8673 0.532 0.106 0.059 0470 0.138
3 8 2 3 2
G/K/G/K  0.5446 0345 0.028 0.018 0.146 0.037
0 9 6 9 2
[0/30/30 K/G/G/K  0.6399 0.420 0.059 0.022 0.148 0.037
/0] 8 6 3 0 6
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G/G/G/G 0.6804 0.434 0.040 0.047 0.312 0.084
8 0 7 7 9
G/K/K/G 0.7780 0.461 0.026 0.052 0.476 0.121
2 4 3 1 9
K/K/K/K 0.8157 0.458 0.042 0.026 0.312 0.069
7 2 2 7 3
K/G/K/G 0.8872 0.544 0.051 0.060 0.480 0.121
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Fig.4 Nondimensionalized stresses versus different hybrid lamination schemes

04
A
035} N J
/
i AY
o 5
/ [m]
0.3 ; b L -3
2 4 . T P
2005 > AN T o A
2 4 5 - N s o
) 7 g 7 N i
3 £ [m) ke . e A
o 02 N s - b
= ~ b E
= o b —0— P
5 015f - - g
£ L Oy,
g P e o Oy y
= i3 — i
0.1 [ o 62
B
005 . gmm———— =
}__77_,40” SRy
0 . . . .
GG KIGIGIK GIGIGIG GG KA KIGHIG

Lamination Scheme - [0/90/0/80]

Fig.5 Nondimensionalized stresses versus different hybrid lamination schemes
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Fig.6 Nondimensionalized stresses versus different hybrid lamination schemes
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Fig.7 Nondimensionalized stresses versus different hybrid lamination schemes
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Fig. 8 Nondimensionalized stresses versus side -to thickness ratios a/h
V. CONCLUSION
The developed MATLAB code is validated for the nondimensionalized transverse central deflections, Normal

stresses, Shear stress, Transverse Shear stresses of cross-ply laminate [0/90/90/0]. The numerical results,
through developed code have been validated with the published results. The results are found good agreement
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with the published results. Then the developed code is further extended to the hybrid composite plates with
different sub-lamination scheme. Numerical results are produced for different hybrid composite plates subjected
to simply supported transverse sinusoidal loading. For the same graphite/Epoxy and Kevlar/Epoxy laminas by
changing the orientation of fibers [0/90/90/0] laminate produces higher and[0/45/45/0] laminate produces
lower nondimensionalized deflections. By varying the hybrid lamination schemes [G/K/G/K] laminate produces
lower and [K/G/K/G] laminate produces higher nondimensionalized deflections.
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